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Abstract
Let {U,} be given by Uy = 1 and U, = —2 22;/12] (5x)Un—2k (n > 1), where [] is the

greatest integer function. Then {U,} is an analogy of Euler numbers and Us,, = 32”Egn(%),
where E,,(x) is the Euler polynomial. In a previous paper the author gave many properties of
{U,r}. In the paper we present a summation formula and several congruences involving {U, }.
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1. Introduction

The Euler numbers {E,,} and Euler polynomials {E, ()} are defined by
[n/2]

n
Ey = = — _ >
0 17 En Z (2k>En 2k (n = 1)7
k=1
1 [n/2] n
En(r) = — 2z — 1)" "2 E, >

where [x] is the greatest integer not exceeding x. In [8] the author introduced and studied the
sequence {U,} (similar to Euler numbers) as below:

[n/2]
n
(1.1) Up=1, Up=-2) <2k> Up—ak (n>1).
k=1
Since U; = 0, by induction we have Us,_1 = 0 for n > 1. The first few values of Us,, are shown

below:

Up=-2, Us=22 Us=—602, Us=30742, U= —2523002,
Ups = 303692662, Uy = —50402079002, Upg = 11030684333782.

Let (%) be the Legendre symbol. In [8], the author proved that for any prime p > 3,

(2p/3] 1 \k—1
(1.2) Z % = 3p(§)Up,3 (mod p?).
k=1
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The Bernoulli numbers {B,,} and Bernoulli polynomials {B,(z)} are given by

n—1 n
By =1, Z (Z) Br,=0(n>2) and B(z)= Z (Z) Bra" % (n>0).
k=0 k=0
By [8, p.217,
1 .
(1.3) B,_s (§> =6U,—3 (modp) for any prime p > 3.

In [4] S. Mattarei and R. Tauraso proved that for any prime p > 3,

2 ()= (8)-na(d) ot

k

Thus,

2k
Z (k) = (%) — 2p2Up,3 (mod p3) for any prime p > 3.
k=0

Suppose that p is a prime of the form 3%k 4+ 1 and so 4p = L? + 27M? for some integers L and
M. Assume L =1 (mod 3). From (1.3) and [3, Theorem 6] we have

2(p—1) 2
3 — p P 2 — p 2 1 3
( p—1 >:(_L+L+I13)(1+p Upfg):—L-f-z‘f'p <ﬁ—LUp73) (modp)

In Section 2 we prove a summation formula involving U,; see Theorem 2.1. Let N be the
set of positive integers. If n € N and 2% | n, in [8] the author determined Us, (mod 2°*7). In
Section 3 we prove

3Us, = —3072n* + 4608n> 4 2240n2 + 1680n + 2  (mod 2°14) for n > 7.
For k,m,b € N with 2 | b, in Section 3 we also show that
Usmpgs = Up +2°+1 (mod 2mintbm}+3),

Let k,m € Nand b € {0,2,4,...}. From [8, Theorem 4.3] we have Uy, 3m)4+s = Up (mod 3™),
where ¢(n) is Euler’s totient function. In Section 4 we prove a congruence for Uy, 3mys — Up
(mod 3™*+4) for m > 3; see Theorem 4.2. In Section 5 we prove a congruence for Erpzmyss —
(3° +1)E, (mod 3™*%) for m > 3; see Theorem 5.2.

2. A summation formula involving U, (x)
Forn=20,1,2,... let

n [n/2]
n n
2.1 n = - n—r _ U. n—2k_
(2.1) Un() 2 <7~)U”3 > (2k> 20T

k=0

The first few U,,(z) are given below:

Us(z) =1, U(z)==x, Uy(z)=2a>-2,
Us(z) = 2® — 6z, Uy(x) =2* — 1227 + 22,
Us(x) = 2° — 202 + 110z, Ug(x) = 2° — 302 + 3302 — 602.



By [8, Theorem 2.3],

Uz —1)=Uy(z)+Up(z+1) =2z
(2.2) Un(z) +Up(z+3)=(x+1)"+ (z+2)",
(2:3) Un(z+3) =Un(z=3) = (z+2)"+ (¢ +1)" = (z - )" = (z - 2)"

Taking a, = U,(z) and b, = 2™ in [8, Theorem 2.2] we obtain

k=0
That is,
[n/2] n
Un(z) ==z 2 Z (2k> Up—ox(x)
k=1
Since

b n n b . n n mnfk%»l b
/ Un(l')d,x:Z(k)Uk/ "~ dxzz(k>Ukn—k—‘,—l "

we see that

(24) / U _ n+1(b) - Un+1(a) '

n+1

This together with (2.3) yields

, Un(z)dz = Tl

Un( U+n/
0

Let m,n € N. From [1] we have the following well known summation formulas:

/a+3 (a + 2)n+1 + (a + 1)n+1 _ (a _ 1)n+1 _ (a _ 2)n+1

Since U, (0) = Uy, by (2.4),

n _ n 1 )_ n+1 — E (0)_(_1)mEn(m)
Zk + p L and 5 .

O

We now present the following similar result.
Theorem 2.1. Let m,n € N and

Sn(m) = (m—=1)"+(m—=2)" = (m—4)" = (m =5)"+(m =7)" + (m - 8)" —---

where the term a™ vanishes when a < 0. Then
Un(m) — (-1 )%U if 3| m,
Sn(m) = Up(m) — (=D U, /2 if 34 m and 2| n,
Un(m)— (—=1)FU, (1) if3tm and 24 n.

Proof. Using (2.2) we see that

m=-1)"+m=2)"—(m—-4)"=(m-=5)"+(m—-7)"+(m—38)"



_..._(_1)[%1((m_3[%]+2)”+( +1)"

= (Un(m) + Un(m — 3)) — (Un(m — 3)+U( 6)) (Un(m = 6) + Un(m —

() (Un(m - 3[5] +3) + Uy (m — [%]))

Thus, »
U,(m) — (= ) Un(O) if 3| m,

(— 1)[% 1+U( ) (-DEU,(2) i3 |m—2.

Clearly U,(0) = U,. By (2.2) and (2.1), we have U,(—1) + U,(2) = 1 and so U,(2) = 1 —

U,(-1)=1—-(-1)"U,(1 ) If 2 | n, using (1.1) we see that
n/2 n n/2 n 1 1
k=0 k=0
and so 1
U,2)=1-U,1)=1- §U,L.

Now putting all the above together we deduce the result.

Corollary 2.2. Form € N,
m? —242(—1)™/3 if 3| m,
m? — 24 (—1)m+D/E 3y,

{m — 6m if 3| m,
N,

m® —6m + 5(=D)M/3 if3tm,
m* —12m? 4 22(1 — (—1)™/3) if 3| m,
m* —12m? +11(2 — (=)D 34 m,

Corollary 2.3. Forn €
2 "~ (2n
Un = §{22” +37 =) (%) 42’“U2n_2k}
k=1

2 “~ (2n
_ 2 pm g2n _y2n g2 g _ 82% 1, }
3{ + + z_: 2% 2n—2k
Proof. Taking m = 4,8 in Theorem 2.1 and replacing n with 2n we see that

32" 122" = Uy, (4) + Usp /2

and
72n + 6271, _ 42n _ 3277, + 1= Ugn(S) 4 U2n/2
Since
_ - 2n 2n—2r __ - 2n 2k
Ugn(z) = ; <2T)U2r$ = Uy + kz_l (2k;>x Uan—2k,

from the above we deduce the result.

9))



3. Congruences for Uy, (mod 2'*) and Uynyyy, (mod 2min{bm}i+3)

Suppose n € {3,4,5,...}. From [8, Theorem 4.1 and Corollary 4.1] we know that
Usp = —16n — 42 (mod 27).

Moreover, if n is even and 2% | n, then
_ 2 a+7
(3.1) Usy = 48n + 3 (mod 2971).

Let p be a prime and let ord,m be the greatest integer o such that p® | m. If p* < n < p*tH
then

n n n n
+ ..+[i]<,+7+...+i+...:

1/p n
n- = .
P> p o p P 1-1/p p-—1

n n
3.2) ordyn!=|—|+|=
33 ortynt=["] + ]
Lemma 3.1. Suppose n € N, n > 5 and 2% | n. Then
3Usp +2"n(2n — 1)Uy o = 2(7%" + 62" — 47" — 372" 1 1) 4+ 2'%02(n — 1)
—23-28n(n—1)+7-2%n(n —1)3 (mod 2°719).

Proof. For k > 4 we see that 6(k — 3) > k > ordak and so 82F/k = 218 . 26(k=3) /k = 0
(mod 2%°). For 3 <k <n—1, by (1.1) we have 2 | Us,, o). Thus, for k > 3,

2n 2n — 1 8%F
2(2k> 82kU2n,2k =2n (2]{} _ 1) TUgnfgk =0 (mod 20{-{-20).

Hence, by Corollary 2.3, we get

2 2
(3:3) 3Uan = 2{72" 67— 47 -3 ] - ( ;) 82Usn—2 — ( f) 84U2n_4} (mod 2720,

Since Uz,—4 = —16(n — 2) — 42 = —16n — 10 (mod 27) and

—1)2 —
2(2Z> 8t =22n(n — 1)% =0 (mod 2°"'?),

we see that

2<24n> 8 Usp_a = 212n(n -1

4(n—1)2 -1
3
4(n—1)2 -1 5(4(n —1)2 - 1)

3 3
=-2%p2(n—1)-34(n—1)—1)—23-28n(n - 1)(4(n — 1) — 1)
=-25p2.3(4(n—1) — (n— 1)) +23-28n(n — 1) — 23 -2%n(n — 1)3
=22 (n—-1)+23-28%n(n —1) = 7-2%n(n —1)®> (mod 2°"19).

(—16n — 10)

= 2132 (n - 1) —2Bn(n—1)

Hence, by (3.3) and the fact 2(22") 82Us;,—2 = 2"n(2n — 1)Us,_2 we deduce the result.

Theorem 3.2. Let n € N with n > 7 and 2* | n. Then
3Us, = —3072n* 4 4608n> + 2240n% + 1680n 4+ 2  (mod 2°T14).
Proof. Since Us,—2 = —16(n — 1) — 42 (mod 27), by Lemma 3.1,

3Us, 4 2"n(2n — 1)(=16(n — 1) — 42)



=2(7*" + 6% — 4% — 32" 1 1) —23-28n(n—1) (mod 2°T).

As 2n > a +13, 62" = 42" =0 (mod 2°*13). We also note that 27n(2n — 1)(16(n — 1) + 42) =
28(16n% + 18n2 — 13n). Now, from the above we deduce that

(3.4) 3Us, = 28(16n% + 1802 — 13n) 4+ 2(7*" — 32" +1) — 28n(n — 1) (mod 2°T4).

For k > 5 we see that 4k — 14 > k > ordak. Thus, 2**/k =0 (mod 2'*) for k > 4. Hence

i — 1) 48*
M _ (1 448)" =1 (A il
7 (1 + 48) +;n e 1) T

=1+448 (?) + 482 (Z) + 483 (Z) (mod 20+14).

For k > 7 we have 3k — 14 > k > ordok. Thus 23%/k = 0 (mod 2'4) for k£ > 5. Hence

- n— 1) 8*
3 =(1+8)" =1 —
(1+8) +kz_:ln<k_l>k

_ n 2( T 3(n 4(M a+14
1+8<1)+8 <2)+8 <3)+8 <4> (mod 2 ).
Therefore,

7 — 3% = (48 — 8) (?) + (48% — 8%) <’;) + (483 — 8%) <§> -8t (Z)

= 40n + 1120(n* — n) — 768n(n — 1)(n — 2) — 1536n(n — 1(n — 2)(n — 3)
= —29.3n% 428 .33n% — 2° . 42102 + 66000
= —-2%.3p% 42803 425 . 91n? — 1592n  (mod 2*T13).

This together with (3.4) yields

3Us, = 28(16n° 4 18n? — 13n) + 2(—27 - 3n* 4+ 2803 + 25 . 91n? — 1592n + 1) — 23n(n — 1)
= —219.3p" +29. 903 4 25. 350 4 16800 + 2
= —3072n" + 4608n3 + 224002 +1680n +2 (mod 2°T14).

This proves the theorem.
Lemma 3.3. Let k,m,b € N with 2| b. Then

b1
20+ 93 b
Usmpgr —Up = —— (2
r

9 - g )22T(Ugmk+52r — Ub,QT) (mod 2m+3).
r=1

Proof. From [8, (4.1)],

n

2 2n
U2n = g (1 - Z <2T)22TU27L—2r)~

r=1
Thus, y
2
U= %(1 - Z_; <2br> 22TU”‘”>
and
9 2m g+l 1 o2
Usmjos = g{l — Q2 kb, Z‘; 27k +b)-- 2™k +b—2r +1) - ngme,Qr}.



By (3.2), 22/(2r)! = 0 (mod 2) for r > 1. By (1.1), 2 | Usy, for n > 1. We also have
2™k +b > m + 2. Thus, from the above we deduce

2m s -1

U. =g{1— S bb-1) (b—2r+ 1)y }
2mEk+b = 3 £ (2’/")' 2mEk+b—2r
b/2
2 b 2r +3
= §{1 — Zl <2r>2 U27nk;+b,2r} (mOd 2m ).
Therefore,

2 L (b

U2mk+b — Ub = —g Z (2’[‘) 22T(Ugmk+b,2r — Ubfgr) (mod 2m+3).

r=1

By (3.1), Upmi = 48 -2" 7'k + 2 = 2 (mod 2™F2) for 2™k > 6. When 2™k = 2 or 4 we also
have Usmy, = 2 (mod 27+2). Thus

=3
b+1 51
2 2 b
Usmpgy —Up = ———(Upmp, — 1) — = 22" (Ugmp4p—2r — Up—2r)
3 3 — 2r
b+1 51
2 2 b
= _Z 22" (Uympeyp—2r — Up_2p d 2m+3),
9 3 2 (2r> (Uzmptb—2 b—2r) (mo )

This is the result.
Theorem 3.4. Let k,m € N.
(i) Ifb e {2,4,6,...}, then

Upmpss = Up 4+ 2271 (mod 2mm{bmi+3),
(ii) We have
Ugmpio = —% (mod 2™%3)  and Upmpys = % (mod 2™T3).
(iii) If b € {4,6,8,...} and b < m — 2, then
Ugmpip = Up +2°71(4b+5)  (mod 2°%°).

Proof. If b € {2,4,6,...}, by Lemma 3.3,

2b+1
Uamprp — Up — 9
) %_1 b 2b—21‘+1 2 2b+1 %_1 b
E - 22r U m —2r - U — 27 - - - "
(3.5) 3 L (2r> (U2 = U )3 g ; (2r>
3-1 b—2r+1 b2
2 b 207" 2
= 22" (Usm jpsp—2r — Up—_op — — 2b=1 9 d 2m*3),
3 2 (2r> ( 2mk+4b—2 b—2 9 ) 57 ( ) (mo )
Hence,
9b+1 2 3-1 b ) 9b—2r+1 b 3
UQ""k+b - Ub - T = *g (27“)2 T(Ugmk+b_2r — Ub_gr — ) (mod Qmm{ mit )



2b+1

Therefore, for b = 2, Ugmp1p — Up — =5

on b. Suppose that the congruence

=0 (mod 2™in{m}+3) Now we prove (i) by induction

2b—2r+1
9

U2""k:+b—2r — Ub—27‘ — =0 (mod 2min{m,b—2r}+3)

holdsforr:l,Q,...,%fl. As

9.92r  9b=2r+3 _ (mod 2b+3) if b <m,
9.92r gmin{mb-2r}+3 _ ) 9 gm+l 93 _ (mod 2™F3) if b > m and 2r > m,
2.227.9m= 23 = (mod 2™"3) if b >m > 2r,

ob+1
9

from the above and induction we deduce Usmpp —Up — =0 (mod 2min{b:m}+3)  This yields
(i).
Now we consider (ii). Putting b = 2 in Lemma 3.3 we see that
23 8 10 s
U2”Lk+2£UQ+§:72+§:7§ (m0d2 )

Taking b = 4 in Lemma 3.3 and then applying the above, we deduce that

20 2/4 32 8 32
Upmppa —Us = — — = P2 (Ugmpyo —Ug) == —16- - = —= d 2m*3
2m 44 4 9 3(2> ( 2m k42 2) 9 9 3 (mO )

and so Ugmpya = Uy — 22 =22 — 32 = 31 (mod 2™T3). This proves (ii).
b

Finally we consider (iii). Assume 2 < b < m —2. By (i), for 1 < r < 3 — 1 we have

Usmpap—or — Up—op — 2b7;”1 =0 (mod 2°=2"+3). Thus, it follows from (3.5) that
2bH! 20t 2b+1 _ ob+3 b+d
Ugmpqp —Up — —— = — (271 —-2)=2 -2 (mod 2°™%).
9 27
Using this and (3.5),
2b+1
Uzrmptt — Up — 9
3-1 b ob+3
2
= _g (2 )22T(22(b—27“)+1 _ 2b—27"+3) _ 27 (2b—2 _ 1)
r=1 r
ob+2 5-1 b\ oy oy 20F4 51 b 92641 ob+3
= — 27~ r —_ —
2 () T ()

3 \b—2 3
0 (mod 2°7%) if b=2

2b+2 b 2b+4
—( > 22 (207 —2) — 2P =903 (h — 1) (mod 2Y7P) if b > 2,

and therefore for b > 2,
2b+1
Usmpyp = Up = —— + 2013(hp — 1) = 2271 (4b 4+ 5)  (mod 2°7P).

This proves (iii). The proof is now complete.
Corollary 3.5. Let k,m,b € N with 2 | b. Then Upmjyy, = Uy, (mod 27nibmi+1),
Proof. This is immediate from Theorem 3.4(i).



4. A congruence for Uygsmyy, (mod 3™

In [6] the author proved that for k,m € N, m >4 and b € {0,2,4, ...},

5-2"k (mod 2™**)  ifb=0,6 (mod 8),

E m — E =
Ak T {3.2”% (mod 2™4) ifb=2,4 (mod 8).

A generalization to Euler polynomials was given in [7, Theorem 3.3].
From the proof of [8, Theorem 4.2] we have the following lemma.

Lemma 4.1. Forn € N,
" /on
22Uy, = ) ( 2k> 3% Boy.

k=0
Theorem 4.2. Let k,m € N, m >3 and b € {0,2,4,...}. Then

3™k(9b — 40) (mod 3™*%)  if 3| b,
Ukpzmy+s — Up = —3™k-22  (mod 3™%) if3|b—1,
—3™k(9b — 32) (mod 3™T) if3|b—2.

Proof. By (3.2), ords(2r)! <r — 1. Thus, for » > 3 we have 2r —ords(2r)! > 2r — (r — 1) =
741> 4 and so 32" /(2r)! =0 (mod 3*). Clearly 32 | b(b —1)---(b—2r + 1) for 7 > 3. Thus,

for r > 3,
(ke(3™) +b)(kp(3™)+b—1) -+ (ke(3™) +b—2r +1)
=b(b—1)--(b—2r +1) 4 kp(3™) ; b(bfl)"b'fb[%*l)
=bb—-1)---(b—2r+1) (mod 3™).

Hence,

(4.1) <k‘p(3;) * b> 3% = <2br) 3?"  (mod 3™*) for r>3.

Since Fg =1, Es = —1 and E4 = 5, using (4.1) and Lemma 4.1 we see that

2kW(3”'L)+bUk,¢(3m )+b

m m (hp(3™)+0)/2 m
o gReBTI DY o aa(ke(3T) + b ke(3™) + b gor gy
2 1 < 21

325

9
= —5(4 2322 9. 3mlp(2h — 1)) + (K*o(3™)* + (4b — 6)k>p(3™)3

b/2
b
+ (67 — 18b + 11)k%p(3™)? + (4b% — 1867 + 22b — 6)kep(3™)) + > <2r) 3% By,
r=0
= 2.3k — (20— 1)3" 1k — (46° + 4b — 6)3" "k + 2°U,  (mod 3™F1).

By (3.2), ordsr < ordsr! < §. Thus, for r > 4 we have

3 9" 3%
2r — ordgr > 2r — I >6 andso (3™ )= =2.3m"2. =0 (mod 3™"%).
2 2 T r
Hence,
oke(3™) _ 1



ktp(3""71)

e T (kso(?f“)) oy

r

m—1 =17nfl m—1
k¢(3m71) m—1\ __ _ 0O\
— opent) ¢ s A 21) | kG 6 kel =) g

=3"k(16 +2-3™k) (mod 3™T%).

Thus,

2k<p(3m)+bUk<p(3m)+b _ QbUb

= (1+3"k(16 + 2 - 3™k))2 Uppzm)+o — 2°Us

= 2" (Uyp(zmysp — Up) + 3™k(16 + 2 - 3™K)2Upp(zmy 4y (mod 3™ ).
By Lemma 4.1,

2n _ 21\ o2
27"Uqy, = Ep + 9 3°Ey =1—-9n(2n —1) (mod 81).

Thus,

m 9 b
ke (3 )+bUk<p(31ﬂ)+b =1- 5(/{(,0(3’”) +b)(kp(3™)+b—-1)=1- 9(2> (mod 81)

and so
- _1-9() _ 1-gbb-1)
ReE™)T = T9ke(3™) T 1+ 3k (16 + 2 - 3™k)
9
=(1- 5b(b —1))(1 —3™k(16 + 2 - 3™k))
9

=1- §b(b —1)—16-3"k (mod 81).

Therefore,

—2.32k% — (20— 1)3™ Tk — (4% + 4b — 6)3™ 2k
= 2k BT amy 1 — 2°Uy = 2°(Upgp(zmy o — Up) + 3™E(16 + 2 - 3™k)2°Uppzmy 4p
9
= 2" (Upp(3my+p — Up) + 3™k(16 + 2 - 3™k) (1 — 5b(b —1)—16-3"k)
_ { 2" (Ugp(amyp — Up) + 3™k(16 + 9b(b — 1)) (mod 3™T*) if m > 4,
L 2%(Ukpaoy o — Ub) + 27k(16 + 9b(b — 1)) + 35k  (mod 37) if m = 3.
This yields
2b<U —U,) = —3Mk 3 2 _ m—+4
kg9(3m)+b b) = (36b + 9b + 33b 41) (mOd 3 )

and so

wlor

If 3| b, then 27 = (1 —9)~

Upp(amyro — Up = (1 — 9)75(=3"k)(36b* + 96% + 33b — 41)
= —(1+3b)(33b — 41)3™k = (9b — 40)3™k  (mod 3™"%).

10



If3|b—1, then 6> = 2b—1 (mod 9), 5* =1 (mod 9) and 27° = 4.270-2 = 4(1—9)~*5". Thus,

Uppsmysn — Up = 4(1 = 9) 775 (=3™k) (365° + 9b* + 33b — 41)

—4(1 4 3(b+2))(36 + 9(2b — 1) + 33b — 41)3™k

= —4(3b+ 7)(51b — 14)3™k = 8(3b + 7)(15b + 7)3™k
= 8(45(2b — 1) + 126b + 49)3™k = 8(216b + 4)3™k
=8(216 +4)3™k = —22-3™k (mod 3™T4).

b+1

If3|b—2, then b> = —2b—1 (mod 9), b = —1 (mod 9) and 270 =2-270"1 = —2(1 - 9) 5 .
Thus,

Upp(zmy s — Up = —2(1 = 9) 755 (=3™k) (365° + 9b% + 33b — 41)

214+ 3(b+1))(—36+9(—2b — 1) + 33b — 41)3™k
=10(3b +4)(3b — 1)3™k = 10(9(—2b — 1) + 9b — 4)3™k
=10(—9b — 13)3™k = —(9b — 32)3™k  (mod 3™*%).

This completes the proof.

5. A congruence for Ej,m)y;, (mod 3™

Lemma 5.1. Forn € N,

n

2
(B + DE2n =) <2:f> 2% I3 By,
r=0

Proof. By [7, Theorem 2.1 and Lemma 2.1],

2
(27:> (1 _ 3)277,—27‘327“E2T'

NE

1
5(3271 + 1)E2n =

Il
=)

T

This is the result.
Let k,m € N and b € {0,2,4,...}. From [2, p. 231] or [5, Corollary 7.1] we have

Eppzmys = (3" + 1)E,  (mod 3™).

Now we prove the following stronger congruence.
Theorem 5.2. Let k,m € N, m >3 and b € {0,2,4,...}. Then

(95 +20)3™k (mod 3™™)  if3 0,
Ejpzmysy — (3" + 1)E, = —16-3™k  (mod 3™+*) if3]b—1,
(=9b+11)3™k  (mod 3™™) if3|b—2.

Proof. As ¢(3™) > m + 4, using Lemma 5.1 and (4.1) we see that

Erp3m)+b
(ke(3™)+b)/2
m kp(3™)+b my4p_
— (qk b k b—2r r
=(3 P(3™)+b 1) Ejp(zmy4+b = ;:0 ( o oke(3™)tb—2r+1g2rp
m ko(3™)+b m kp(3™)+b m
— 2k‘tp(3 )+b+1E0 4 ( @(32) + )2k<p(3 )+b7132E2 4 < 80(34) + >2k‘tp(3 )+b7334E4

b/2
b my Ly
+ Z (2T> 2kcp(3 )+b 2r+132rE2r (HlOd 3m+4).
r=3
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From the proof of Theorem 4.2 we know that 3*"/(2r)! = 0 (mod 3%) for » > 3. By Euler’s
theorem, 2F¢(™) =1 (mod 3™). Thus, from the above we deduce

Ekw(37n)+b
= 2k<p(3m)+b+1 _ 9(kg0(3m) + b)(k¢(3m) +b— 1)2k¢(3m)+b72 + <k90(34) + b> gb=3 . 81-5
b/2

b b—2r+1q2r
Mt
r=3

= 20HL (26" 1) — 9(k2p(3™)% 4 (2b — 1)kp(3™) + b(b — 1))2k°G™)H0=2 1 gp(h — 1)20—2
b/2

ko(3™) +b b b—3 b\ qb—2r+1q2r
+{< ) )<4>}2 .81~5+; ) )2 32|,

= 20FL(2ke(3™) 1) — 9Pk2 . 32 — 9(2b — 1)2° 2kp(3™) — 9b(b — 1)2°72(2k¢3™) _ 1)
+5-3%.2570(4p% — 1867 + 220 — 6)k(3™) + (3° + 1) E
=2072(8 — 9b(b — 1))(2F°B™) — 1) — 2°k% . 3%™ — (26 — 1)20 1 - g™+
—2672(20% 420 — 3)k - 3™ T2 4 (3° + 1)E,  (mod 3™ Y.
By the proof of Theorem 4.2,
2he(") — 1 =16k -3™ +2k% - 3°™  (mod 3™H).
Thus,
Eppamyp — (3" + 1) By = 227237k {16(8 — 9b* + 9b) — 6(2b — 1) — 9(26° + 2b — 3)}
+2"72(8 — 9b(b — 1)) - 2K*3%™ — 273%™
=2072(—18b% + 18b* — 48 — 1)3™k  (mod 3™T).
If 3 | b, then 202 = —20(1 — 9)3 = —20(1 — 3b) (mod 3*). Thus,
Brpamyrs — (3" +1)Ep
= —20(1 — 3b)(—18b> + 18b* — 48b — 1)3™k = 20(1 — 3b)(1 + 48b)3™k
= 20(1 + 45b)3™k = (9 + 20)3™k  (mod 3™1*).
If3|b—1, then ¥» =2b—1 (mod 9), b3 =1 (mod 9) and

1 b—1 1 b—1 1
b—2 _ Lo — (1 _0.%7 1\ _ Liap 4
2 = 2(1 9)3 = 2(1 9 3 ) 2(31) 4) (mod 3%).
Thus,
Ek@(3771)+b - (3b + 1>Eb

1
%(31) — 4)(—18b + 18b* — 48b — 1)3™k = 5(3b —4)(—18 +18(2b — 1) — 48b — 1)3™k

3b — 4)(—6b + 22)3"k = (—18b*> + 9b — 7)3Mk = (—18(2b — 1) + 9b — 7)3™k
—27b+11)3™k = —16 - 3™k (mod 3™*4).

(
(
If3|b—2, then b2 = —2b—1 (mod 9), > = —1 (mod 9) and 2°2 = (1 —-9)"F =1-9.2:2 =
7 —3b (mod 3%). Thus,

Egpamyrs — (3" + 1) By
(7 — 3b)(—18b° + 18b% — 48b — 1)3™k = (7 — 3b) (18 + 18(—2b — 1) — 48b — 1)3™k
=Bb—7)(3b+1)3"k = (9(—2b—1) — 18b — 7)3™k = (—9b+ 11)3™k  (mod 3™+4).

This completes the proof.
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